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Introduction 

The systematic development of the theory of Riemannian almost product man- 
ifolds was started by K. Yano [8]. In [2] A. M. Naveira gives a classification 
of these manifolds with respect to the covariant differentiation of the almost 
product structure. 

Such manifolds with zero trace of the almost product structure are considered 
in pp, [3]-[7]. Moreover, a classification is presented in [5], having in mind the 
results in [5] . In the classification in [5] the basic class W3 is only the class with 
nonintegrable structure. 

In the present work the problems in the differential geometry of the manifolds 
of the class W3 are mainly considered. 

1 Preliminaries 



Let (M, P, g) be a Riemannian almost product manifold, i.e. a differentiable 
manifold M with a tensor field P of type (1,1) and a Riemannian metric g such 
that 

P 2 x = x, g(Px,Py) = g(x,y) (1) 

for arbitrary x, y of the algebra X(M) of the smooth vector fields on M. Obvi- 
ously g(Px, y) = g(x, Py). 

Further x, y, z, w will stand for arbitrary elements of X(M). 

In this work we consider Riemannian almost product manifolds with trP = 0. 

In this case (M, P, g) is an even-dimensional manifold. 
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If dimM = 2n then the associated metric g of g, determined by g(x,y) — 
g(x,Py), is an indefinite metric of signature (n,n). Since g(Px,Py) = g(x,y), 
the manifold (M, P, g) is a pseudo-Riemannian almost product manifold. We 
say that (M,P,g) is an associated manifold of (M,P,g). 

The classification from [5] of Riemannian almost product manifolds is made 
with respect to the tensor field F of type (0,3), defined by 

F(x,y,z)=g({\7 x P)y,z), (2) 

where V is the Levi-Civita connection of g. The tensor F has the following 
properties: 

F(x,y,z) = F(x,z,y) = -F(x,Py,Pz), F(x,y,Pz) = -F(x,Py,z). (3) 

The only class of Riemannian almost product manifolds with nonintegrable 
structure is the basic class W3 determined by the condition 

& F(x,y,z)=0, (4) 

x,y,z 

where & x ,y.z is the cyclic sum by x, y, z. 

Further manifolds of the class W3 we call Riemannian W3 -manifolds. 
The condition (j4|) is equivalent to 

6 F(Px,y,z)=0. (5) 

x,y,z 

In [5] the symmetric tensor field N is defined by 

N(x, y) = (V X P) Py + (V Px P) y + {V y P) Px + (V Py P) x (6) 

and it has the properties 

N(Px, Py) = N(x, y), N(Px, y) = N(x, Py), N(x, Py) = -PN(x, y). 

It is proved that the condition (j4]) is equivalent to N(x,y) = 0. 
The class Wo, defined by the condition F(x, y, z) — 0, is contained in the other 
classes. This is the class of so-called Riemannian P -manifolds, i.e. differentiable 
even-dimensional manifolds (M, P, g) with Riemannian metric g and structure 
P, such that g{Px,Py) = g(x,y), P 2 = id, trP = 0, VP = 0. Therefore the 
class Wo is an analogue of the class of Kahlerian manifolds in the geometry of 
almost Hermitian manifolds. 

The following property of the covariant derivation of F is valid 



(V X F) {y, z, Pw) + (V X P) (y, Pz, w) = A(x, y, z, w), (7) 
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where 

A(x, y, z, w) = -g{{W x P) z, (V„P) tc) - g((V y P) z, (V X P) w) . (8) 

As it is known the curvature tensor field i? of a Riemannian manifold with 
metric g is determined by 

R(x, y)z = V x V v z - V y V x z - V[ X>V ]Z 

and the corresponding tensor field of type (0, 4) is defined as follows 

R(x, y, z, w) = g(R(x, y)z, w). 

Let (M,P,g) be a Riemannian almost product manifold and {ei} be a basis of 
the tangent space T p M at a point p G M. Let the components of the inverse 
matrix of g with respect to {ei} be g %3 . If p and r are the Ricci tensor and the 
scalar curvature, then p* and r*, defined by p*(y,z) — g v R(ei,y, z, Pej) and 
r * = gij p*(e i; ej), are called an associated Ricci tensor and an associated scalar 
curvature, respectively. We denote r** = g l ^> g kl R{a 1 ek 1 Pei 1 Pej). 

The Lie form associated to F is defined by 8(z) = <? y P(ej, ej, z). For a Rie- 
mannian W3-manifold it is valid 9{z) = 0. 

The square norm of VP is defined by ||VP|| 2 = g^g kl g ((V e P) e k , (V e P) e ; ). 

2 A basic identity for the curvature tensor of 
Riemannian W3-manifolds 

Let (M, P, g) be a Riemannian W3-manifold. According to (O we have 

& F(Py,z,w) = 0. (9) 

Then the covariant differentiations of ([9]) and f4} imply, respectively, the fol- 
lowing equations 

S (V x F){Py,z,w)= e g((V x P)y,{V z P)w + {V w P)z), (10) 

y,z,w y,z,w 

6 (V x F)(y,z,w)=0. (11) 

Having in mind the Ricci identity 

{V x V y P) z - (V„ y x P) z = R{x, y)Pz - PR{x, y)z 
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and the properties ([3]) it follows immediately 

(V X P) (y, 2, «;) - (V„F) (x, z, to) = y, Pz, to) - P(x, y, z, Pto). (12) 
Using (|12[) we get that the left-hand side of (jTUJ) has the form 

S {V Py F)(x,z,w)+ 6 {R(x,Py,Pz,w) - R(x,Py,z,Pw)} . (13) 

y,z,w y> z : w 

We apply (fTT|) to each of the addends of the first cyclic sum in (fl~3|) and then 
we apply (flU]) . pip , (fT2"]) in the obtained expression. After that we use the 
properties of R and we finally get the following identity 

& {R(x,Py,Pz,w) - R(x,Py,z,Pw) 

+R(Px,y,z,Pw) - R(Px,y,Pz,w)} ( 14 ) 

- 6 g{(V x P)y+(\7 y P)x,(V z P)w + (V w P)z). 

x,y,z 

In this way we prove the following 

Theorem 2.1. If(M,P,g) is a Riemannian ~W3-manifold, then the curvature 
tensor R has the property (|14|) . 

Having in mind the last theorem we prove the following 

Corollary 2.2. If (M,P,g) is a Riemannian W^-manifold, then the following 
equations are valid 



p(y, z) + p(Py, Pz) - p*(Py, z) - p*{y, Pz) = 
= <? ij <?((V e< P) y + (V„P) e h {V Z P) e } + (V e ,P) 



(15) 



VPf - -2 fl V'fl ((V ei P) e k , (V ei P) e 3 ) , (16) 



VPf = 2(t-t**). (17) 



Proof. It is satisfied ([14]) for a Riemannian W3-manifold hence we obtain (115]) . 
Having in mind ([3]) and the definition of ||VP|| , we have (fTB"]) . The equations 
(fl"5]) and ffTBJ) imply Q2||. □ 



Remark 2.1. If (M,P,g) is a Riemannian W^-manifold with dimM > 4 and 
a Kahler curvature tensor R, i.e. R(x,y, Pz, Pw) = R(x,y, z,w), then r** = r 
and therefore ||VP|| = 0. 
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3 Invariant bisectional curvature 

Let {M, P, g) be a Riemannian almost product manifold and let a be a 2-plane 
in the tangent space at an arbitrary point of M. Then, it is known, the sectional 
curvature of a is defined by the following equation 

,/ s R{x,y,y,x) 

k{x,y) - 



g{x,x)g(y,y) - g 2 (x,y)' 

where {x,y) is an arbitrary basis of a. If a; is a noneigenvector of P, then the 
2-plane a = (x, Px) is called an invariant 2-plane, because Pa = a. 

Let us define the quantity 

h(x, v )= - R^P^v ; Py) (18) 

V9 2 (x,x) - g 2 (x,Px)y/g 2 (y,y) - g 2 (y,Py) 
where x, y are noneigenvectors of P. 

It is known from 6 that an orthonormal adapted basis exists in every invariant 
2-plane. Let this basis be (ei,Pei) for ot\ = (x,Px). Then we have x = Aei + 
jtxPex, Px — XPei + fiei (X,/J, E W), hence g(x,x) = A 2 + ri 2 , g(x,Px) = 2\[i. 

Therefore g 2 (x, x) — g 2 {x, Px) — (A 2 — ii 2 ) 2 > 0. The assumption A 2 = /i 2 (i.e. 
A = ±/i) implies x — ±Px, which is a contradiction to the condition x to be a 
noneigenvector of P. Hence we get g 2 (x,x) — g 2 (x,Px) > and therefore the 
quantity h(x,y) is defined correctly in (fTS)) . 



Theorem 3.1. The quantity h(x,y) defined by (|18p for a Riemannian almost 
product manifold (M, P, g) depends on the invariant 2-planes ct\ — (x, Px) and 
c<2 = (y, Py) only. 

Proof. Let z E ai, w E otz be noneigenvectors of P. Then z = X\x + fiiPx, 
w = A2J/ + [i-iPy (Ai, A2, Hi, /j.2 E M), from where we have 

g 2 (z, z) - g 2 (z, Pz) = (A 2 - fi 2 ) (g 2 (x, x) - g 2 (x, Px)) , 
g 2 (w, w) - g 2 (w, Pw) = (A 2 . - (g 2 {y, y) - g 2 (y, Py)) , 
R(z, Pz, w, Pw) = (A 2 - fi 2 ) (A 2 - fi 2 ) R(x, Px, y, Py). 

Therefore h(x,y) — h(z,w). □ 

The quantity h(x, y) defined by (|18[) we call an invariant bisectional curvature 
of invariant 2-planes ol\ = (x,Px) and 012 = (y,Py). In particular, if x = y, 
the 2-planes ct\ and 012 coincide and then h(x,x) = k(x,Px), i.e. h{x,x) is the 
Riemannian sectional curvature of the invariant 2-plane (x, Px). 
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Theorem 3.2. A Riemannian almost product manifold (M,P,g) has a zero 
invariant bisectional curvature if and only if the following condition is satisfied 

R(x, Py, Pz, w)-R{x, Py, z, Pw)+R{Px, y, z, Pw)-R{Px, y, Pz, w) = 0. (19) 

Proof. Let (M, P, g) be a Riemannian almost product manifold with h(x, y) = 0. 
Then R(x, Px, y, Py) — 0. In the last equation let x + z and y + w stand for x 
and y, respectively. Hence we obtain 

R(x, Pz, y, Pw) + R{x, Pz, w, Py) + R(z, Px, y, Pw) + R(z, Px, w, Py) = 0. 

Next we substitute y «-» z in the last equation and we get (|19|). 

Now, let (fT9|) be valid. There let x and z stand for y and w, respectively. Then 
we obtain R(x, Px, z, Pz) — 0, i.e. the manifold has a zero invariant bisectional 
curvature. □ 

Theorem 12.11 Theorem 12.21 and Theorem 13.21 imply immediately the following 

Corollary 3.3. If a Riemannian yV^-manifold (M,P,g) has a zero invariant 
bisectional curvature then the following conditions are valid: 



4 An associated pseudo-Riemannian almost 
product manifold 

Let (M, P, g) be a Riemannian almost product manifold and (M, P, g) be the 
associated pseudo-Riemannian almost product manifold. We denote the Levi- 
Civita connection of g by V. In [5] the tensor field $ of type (1,2) is defined 




(20) 



||VP|| 2 =0. 



r 



(21) 
(22) 





(23) 



It is proved that 




(24) 
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We have a classification of pseudo-Riemannian almost product manifolds 
(M, P, g) with respect to the tensor field F of type (0,3), defined by F(x, y, z) — 
g ^V^P^ Vi z ) ■ This classification is analogous to the one of Riemannian al- 
most product manifolds (M, P, g) with respect to F. The class defined by 
&x, y ,z F(x,y, z) — is the only class of nonintegrable structure P. This class 
will be denoted by W3, too, and its manifolds will be called pseudo-Riemannian 
W3 -manifolds. The class Wo, defined by F(x, y, z) = is contained in the other 
classes. This is the class of pseudo-Riemannian P -manifolds, i.e. differentiable 
2n-dimensional manifolds (M, P, g) with pseudo-Riemannian metric g of signa- 
ture (n, n) and a structure P such that 

g(Px,Py) = g(x,y), P 2 = id, trP = 0, VP = 0. 

Theorem 4.1. A Riemannian almost product manifold (M,P,g) is a W3- 
manifold if and only if its associated pseudo-Riemannian almost product mani- 
fold (M,P,g) is also a Ws-manifold. 

Proof. Let (M,P,g) be a Riemannian yV 3 -manifold. Using ([2"5]l. (pM)) and 
we obtain immediately 

V x y = V x y-(V x P)Py-(V y P)Px, (25) 

hence we have 

(V.P) y = - {VpyP) Px - (V X P) y - (V V P) s. (26) 

Since for a Riemannian W3-manifold (M,P,g) the tensor AT, defined by ([6]), 
vanishes, then has the form 

(v x p)y = (V Px P)Py. (27) 

According to properties g(x,y) = g(x,Py) = g(Px,Py), ^ and l[2"7j). we get 

P(x,y,z) = -P(P a; ,y,z), (28) 

from where 

© F(x,y,z) = - 6 F(P:r,y,z) = 0. (29) 

The equations (|29|) and |5]) imply that (M, P, g) is also a W3-manifold. Inversely, 
if (M,P,g) is a W3-manifold, then, according to (|2"9"|) and ([5]), we have that 
(M, P, g) is also W 3 -manifold. □ 

Remark 4.1. The condition (I28|) implies that a Riemannian yV^-manifold 
(M, P, g) is a Riemannian P -manifold if and only if its associated manifold 
(M, P, g) is a pseudo-Riemannian P -manifold. 
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Theorem 4.2. Let R be the curvature tensor of the Levi-Civita connection V 
for a Riemannian W^-manifold (M,P,g) and let R be the curvature tensor of 
the Levi-Civita connection V for its associated manifold (M,P,g). Then the 
following condition is valid 

R(x, y, z, w) =R(x, y, z, Pw) - (V X F) (w, y, z) + (W y F) (w, x, z) 

+ g{(V y P) z + (V,P) y, (V X P) Pw + (y w P) Px) (30) 

- g((y x P) z + (V Z P) x, (V„P) Pw + (V„P) Py) . 

Proof. It is known that at the transformation V — > V it satisfies the following 

R(x, y)z = R(x, y)z + Q(x, y)z, (31) 

where 

Q(x, y)z = (V X T) (y, z) - (V y T) (x, z)+T (x, T(y, z)) - T (y, T(x, z)) , (32) 

T(x,y) = -(V x P)Py-(VyP)Px. (33) 
The corresponding tensor R of type (0,4) is 

R(x,y,z,w) = g(R(x,y)z,w). 

Hence, according to ([31j) , we have 

R(x, y, z, w) = R(x, y, z, Pw) + g(Q(x, y)z, Pw) . (34) 

Using (O , (SI) 7 ([3"2"| and ([55]) we establish after some transformations the follow- 
ing 

g(Q(x, y)z, Pw) = - (V X F) {w, y, z) + (V y F) {w, x, z) 

+ g({V y P) z + (V Z P) y, (V X P) Pw + (V W P) Px) (35) 
- g((V x P) z + (V Z P) x, (V y P) Pw + (V W P) Py) . 
Then ([M]) and §5§ imply §U\). □ 

5 Invariant tensors of the transformation V — > V 

Let V and V be the Levi-Civita connections of a Riemannian W3-manifold 
(M, P, g) and its associated manifold (M, P, g), respectively. An important prob- 
lem is the finding of invariant tensors of the transformation V — > V. 
We shall prove the following 
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Theorem 5.1. Let V and V be the Levi-Civita connections of a Riemannian 
W^-manifold (M,P,g) and its associated manifold (M,P,g), respectively. Then 
at the transformation V — > V the tensors 

S(x,y) = V x y+^T(x,y), L{x,y)z = R{x,y)z + ^Q(x,y)z (36) 

are invariant, where T(x,y) and Q(x,y)z are determined by (|33[) and ([32]), 
respectively. 

Proof. Having in mind ^V x -P^ y — V x Py — PV x y and (f25|) . (|33|) . we get 

f (x, y) = - (y x P) Py - (V V P) Px = —T(x, y). (37) 
From J25|) and {ST} it follows 

V x y + -f(x, y) = V x y + -T(x, y), 

from where we have 

S(x,y) = \7 x y + -f(x,y) = S(x,y). 

This means that the tensor S is invariant with respect to the transformation 
V -> V. 



At the transformation V — > V the tensor Q, determined by l|32|) . is transformed 
into the tensor Q, determined by 

Q(x,y)z= (v K r) (y,z)-(v y f) (a;,*)+f (z,T (y,ar)) -f (y,f (x,zj) . (38) 

Using J2HD, d37J) and (|gg]l. we obtain 

Q(x,y)z = -Q(x,y)z. (39) 

Then (|3ip and (f3"9"| imply immediately 

L(x, y)z = R(x, y)z + ^Q(x, y)z = L(x, y)z, 

which means that the tensor L is also an invariant one with respect to the 
transformation V — > V. □ 

In the next theorems some characteristics of Riemannian WVmanifolds with 
vanishing invariant tensors S and L are given. 
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Theorem 5.2. A Riemannian 'W^-manifold with zero tensor S is a Riemannian 
P-manifold. 

Proof. Let (M, P, g) be a Riemannian yiVmanifold with S — 0. Then ([36]) and 
(PI) imply 

V x y=i((V x P) Py+(V y P) Px), 

hence we obtain 

{V y P)Px + (VpyP)x = 0. (40) 
In the last equation we substitute x «-» y and we have 

(V X P) Py + (V P;c P) y = 0. (41) 

Since (|4"0"]) and (dH), the Nijenhuis tensor of P has the form 

N(x, y) = (V X P) Py + (V P ,P) y - (V V P) Px - (V Py P) x = 0. 

It is known from [5] that N(x,y) — is a characteristic condition (M,P,g) to 
belong to the class Wi © VV 2 . Therefore (M, P, y) £ (Wi © W 2 ) n W 3 = >V , i.e. 
(M, P, 5) is a Riemannian P-manifold. □ 

Theorem 5.3. Let (M,P,g) be a Riemannian W^-manifold with zero tensor 
L. Then the following identity is valid 

2{R(x, y, z, w) + R(x, Py, Pz, w)+ 

+ R(Px, Py, z, w) + R{Px, y, Pz, to)) = 

= 2g({V y P) Px + (Vp v P) x, (V Fw P) z) (42) 

+ g({VyP) PZ + (VpyP) z, (V Pw P) x) 

+ g({V z P) Px + (V Pz P) x, (V Pw P) y) . 

Proof. Let (M,P,g) be a Riemannian W^-manifold with L — 0. According to 
(|36|) we have 

R{x,y)z + ^Q(x,y)z = 0. (43) 

We denote 

B{x, y, z,w)=- y((V z P) y + (V„P) z, (V X P) w + (V Pw P) Px) 

(44) 

+ <?((V X P) z + (V 2 P) x, (V y P) w + {V Pw P) Py) . 

Then according to (|43|) and (|35|) we obtain 

2R(x, y, z, w) = (V X F) (Pw, y, z) - (V y F) {Pw, x, z) + B(x, y, z, w). (45) 
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In (j4"5|) we substitute Py and Pz for y and z, respectively, and then we add the 
obtained equation to (|45|) . We get 



2{R{x, Py, Pz, w) + R(x, y, z, wj) = 

= (V X F) (Pw, y, z) + (V X F) (Pw, Py, z) 

- (VyF) (PW, X, Z) - (VpyF) (Pw, x, Pz) 

+ B(x, y, z, w) + B(x, Py, Pz, w). 

Hence, according to J7]), we have 

2(R(x, Py, Pz, w) + R(x, y, z, w)) = 
= A(x, Pw, Py, z) — A(Py, Pw, x, z) 
+ B(x, y, z, w) + B(x, Py, Pz, w) 

- (V y F) (Pw, x, z) + (V Py F) (Pw, Px, z). 



(46) 



Now, in (|46p we substitute Px and Py for x and y, respectively, and then we 
add the obtained equation to (f46|) . Having in mind N(x,y) — 0, (J6|), (O and 
gl, we get (J42J . □ 



Using the last theorem we prove the following 

Corollary 5.4. If (M, P,g) is a Riemannian W^-manifold with zero tensor L, 
then 

||VP|| 2 = -8r, (47) 
t** = 5t. (48) 



Proof. If (M, P, g) is a Riemannian W3-manifold with L = 0, then we have (j42 
Hence we obtain immediately 



2(p(y, z) + p*(Py, z) + p(Py, Pz) + p*(y, Pz)) = 
= 2gVg((V y P) ei + (VpyP) Pe t , (V Pe ,P) Pz) 
+ g ll g((V z P) ei + (V Pz P) Pe t , (V Pej P) Py) 
+ g^g((VyP) z + (VpyP) Pz, (V Pei P) PeA. 



(49) 



Since (M, P, g) is a Riemannian W3-manifold, then 9 = and (Tl7o|) is valid. From 
P9l) , using (P), we obtain 4(r + t**) = -3 ||VF|| 2 . Hence, according to dTTJ), we 
get g71) and gS]). □ 
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